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Shearing granular materials induces non-affine displacements. Such non-affine displacements have
been studied extensively, and are known to correlate with plasticity and other mechanical features of
amorphous packings. A well known example is shear transformation zones as captured by the local
deviation from affine deformation, D2min, and their relevance to failure and stress fluctuations. We
analyze sheared frictional athermal disk packings and show that there exists at least one additional
mesoscopic transport mechanism that superimposes itself on top of local diffusive motion. We
evidence this second transport mechanism in a homogeneous system via a diffusion tensor analysis
and show that the trace of the diffusion tensor equals the classic D2min when this second mesoscopic
transport is corrected for. The new transport mechanism is consistently observed over a wide range
of volume fractions and even for particles with different friction coefficients and is consistently
observed also upon shear reversal, hinting at its relevance for memory effects.
Sheared disordered materials have peculiar mechani-
cal properties, including the tendency to either dilate
or contract with strain [1–7], display peak stress behav-
ior [8] and remember the way they were mechanically
excited in their past [9–12]. These mechanical nontriv-
ialities are most pronounced when a packing of parti-
cles is almost but not entirely rigid, as set by the parti-
cle volume fraction. Around this volume fraction, shear
has the ability to “jam” or rigidify disordered packings
[2, 13]. The underpinnings of the mechanism are still
under intense debate [14–19]. One of the complicating
factors is that many of the nontrivial mechanical features
are transient phenomena, making them particularly dif-
ficult to probe, as they are highly dependent on packing
preparation, boundary conditions and other seemingly
insignificant details of the system [7, 15]. In the past,
qualitative and quantitative features such as shear trans-
formation zones [20–23], dynamical heterogeneities [24–
26], anisotropy [27–29] and vortices [30] have all been
observed in the transient response of amorphous pack-
ings exposed to shear. However, it is not clear which of
these transport phenomena are relevant for the observed
mechanics, or how many of these occur simultaneously
during shear.
We show here that particle displacements during the
startup transient in a sheared amorphous packing is dom-
inated by two simultaneous but distinct particle trans-
port mechanisms, only one of which is sensitive to the
particle volume fraction. Besides the locally non-affine,
diffusive particle motion as quantified by the standard
D2min [20, 21], we observe a directional, collective par-
ticle transport mechanism that occurs on a length scale
of up to ten times the shear transformation zone size.
This directional transport, from now on referred to as
D1, occurs before the emergence of dilatancy-induced
Reynolds pressure yet disappears in the random close
packing limit. Moreover, the onset of D1 emerges at
larger φ for lower particle friction coefficients, which hints
at its relevance for shear jamming phenomena, which dis-
play similar trends [3, 13]. Interestingly, D1 survives
cyclic shear over many different cycles, converges to limit
cycle behavior and displays strain dependence in its re-
sponse to cyclic driving, making D1 of interest as metric
to capture the dynamics of memory formation in amor-
phous packings [7, 12, 15, 31–36].
To observe particle transport in disordered media, we
use a setup introduced before [3, 18]. We apply simple
shear to bidisperse granular systems composed of pho-
toelastic discs with different inter-particle friction coeffi-
cients, µ. Shear is performed in an apparatus that sup-
presses shear bands and related shear-induced density
fluctuations entirely [3]. The optical properties of pho-
toelastic discs reveals particle-scale contact forces when
placed between a pair of crossed polarizers [37–39]. Disks
were cut from photoelastic sheets (Vishay PSM-4), re-
sulting in a µ ≈ 0.7 [3, 39]. Different µ were achieved
by either wrapping these particles with Teflon tape, re-
ducing µ to ≈ 0.15, or making another set of photoelas-
tic disks with fine teeth on the edge [39]. For a picture
of the particles used, see Supplemental Material (SM)
[40]. Henceforth, we will refer to particles with µ ≈ 0.15,
µ ≈ 0.7, and fine teeth as µ = µl, µ = µm, and µ = µh
particles, respectively. The system contained approxi-
mately 1000 discs with a large to small number ratio
1 : 3.3 to prevent crystallization. Every run at given
packing fraction φ was repeated five times; the initial
stress-free state was prepared anew for each run. For ev-
ery friction coefficient, we explored a range of φ in which
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FIG. 1. Example of the system response to simple shear at
packing fraction 0.78. (a-b) Coarse grained non-affine x and
y displacements after a shear strain γ = 0.054. The Cartesian
coordinates are given in (a). The black arrows indicate the
applied shear direction.(c-d) Non-affine x and y displacements
averaged along the y axis, as a function of x. Data are from
the same states as (a) and (b), respectively. The dashed lines
are a guide to the eye. x = 0 is at the center of the shear
box. (e) Particles’ non-affine x displacements as a function
of their local packing fraction change for each particle. The
colored mask shows the normalized probability distribution
of the points with the probability indicated by the color bar.
(f) Local deviation from the affine deformation D2min (left,
blue circles) and system pressure (right, black triangles) as a
function of shear strain γ.
we could observe the emergence of dilatancy pressure
within the strain amplitude achievable by the apparatus.
Shear was applied quasi-statically in the y direction to
a shear box (Fig. 1(a)). Starting from a stress-free state,
the system was sheared by strain step of δγ = 0.0027.
Then the system was left to relax for six seconds, followed
by taking two images, which reveal information on parti-
cle position and photoelastic response. Such a process –
stepwise shearing, relaxing and imaging – was repeated
until a certain amount of total strain was achieved. The
maximum γ that can be achieved here is 0.54, which is
the limit of the experimental setup. From the images,
we tracked particle positions and computed particle-scale
and system-wide pressure by averaging light intensity
gradient squared [37–39]. Henceforth, we use the average
diameter of particles in the system D¯ as the unit length
in all results.
Two transport mechanisms can be qualitatively ob-
served under all experimental conditions. We can quan-
tify the transport by decomposing the displacement field
into the x and y component, which is referred to as
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FIG. 2. (a) Non-affine x displacements ∆x, averaged in the
same way as Fig. 1(c), as a function of the bin position for
different shear strains γ. Different γ’s are indicated by the
colorbar and the curves are shifted for better visibility. (b)
Mean squared displacement (MSD) before (triangles) and af-
ter (circles) correcting the diffusion tensor T with 〈∆x〉
y
and
〈∆y〉
y
from the non-affine displacements, andD2min (squares),
vs. γ. Data from the same run in Fig. 1.
the shear and perpendicular directions respectively (see
Fig. 1(a)). We compute particle displacements at any
given γ compared to γ = 0. Fig. 1(a-b) show typical
results of particle non-affine x and y displacements at
φ = 0.78 and γ = 0.054, coarse-grained by a Gaussian
function with a half width of 2D¯ [41, 42]. In the x-
direction, the expected affine displacement field is zero,
but we see a substantial amount of particle displacement
away from the center of the box. For the y direction, the
expected global affine motion profile is linear; this have
already been verified [3]. Subtracting the globally affine
linear motion reveals that on top of the linear deforma-
tion profile, a small perturbation is visible in Fig 1(b);
however the perturbation is spatially more heterogeneous
and much smaller than the transport in the x direction,
as evidenced by the mean transport 〈∆x〉y (x), 〈∆y〉y (x)
across the system that are averaged over y direction,
as shown in Fig 1(c-d). Hence, from now on, we only
look at the binned x-dependent displacement data, i.e.,
〈∆x〉y (x) and 〈∆y〉y (x).
We can see that the displacements induced by the shear
are not eased by local free volume availability. 〈∆x〉y is
clearly a function of x, and one might relate this depen-
dence with the local deviations ∆φ from the mean density
φ. However, we see no correlation between ∆x and ∆φ
when we plot them together as shown in Fig. 1(e). Lo-
cal non-affine displacements should be induced by local
pressure fluctuations [43], yet as shown by Fig. 1(f) we
find that the total non-affine motion induced by shear is
not sensitive to the average global pressure in the system.
In Fig. 1(f), we quantify the overall non-affine displace-
ment with the standard D2min metric and see that it rises
independently of the evolving Reynolds pressure in the
system. Here D2min is calculated by averaging over all
the particles the following quantity, as done previously
3[20, 21]:
D2min,i(γ) =
1
Ni
min
Ji
∑
j∈Ni
[rij(γ)− Jirij(γ = 0)]
2, (1)
where j is the index of all Ni particles that are within
2D¯ distance to particle i center, rij(γ) is the vector from
particle i to particle j at a given strain γ, and Ji is the
fitted strain field that minimizes the above quantity.
In Fig. 2(b) and 1(f), we observe that D2min =〈
D2min,i
〉
i
dynamics in the packings is entirely consistent
with earlier work on a completely different system [21],
even though we use here a constant volume setting and
observe an additional mesoscopic transport mechanism
(see more details in SM [40]). We conclude that D2min is
a local background process that is largely insensitive to
the details of the deformations imposed.
Identifying two different mechanisms — We extract
the additional mesoscopic transport mechanisms that oc-
cur simultaneously with D2min by measuring 〈∆x(x, γ)〉y;
see Fig. 2(a). We observe that the directional displace-
ment emerges immediately at small γ but later becomes
more spatially heterogeneous over smaller length scales
(see details in SM [40]). To further show that the direc-
tional transport D1 is independent of locally non-affine
“random” motion, we compute the diffusion tensor of the
particle displacement
T = 〈
(
∆x2 ∆x ·∆y
∆y ·∆x ∆y2
)
〉, (2)
where 〈· · ·〉 is the average over all particles. We com-
pute this tensor in two ways: once before and once af-
ter subtracting the local mesoscale displacement fluctu-
ations 〈∆x〉y , 〈∆y〉y from the displacement of the parti-
cles. From these two tensors we compute the trace and
call them MSD and MSDcorr respectively. We note that
subtracting only D1 and not 〈∆y〉y gives similar results
and the symmetric off-diagonal term is non-zero, which
indicates that the major diffusion directions are not along
x or y axes (see SM [40]). The result in Fig. 2b indicates
that after subtracting the mesoscale displacements, the
trace of the diffusion tensor coincides with the D2min met-
ric: without mesoscale displacements, non-affine motion
cannot be distinguished from diffusive behavior, consis-
tent with earlier results [21].
One expects the strain needed to induce particle trans-
port to decrease with φ; this is indeed the case. Fig-
ure 3(a) shows the amplitude of D1 as measured by
A = d 〈∆x〉y /dx|(x = 0) as a function of strain, measur-
ing the spatial gradient of the orthogonal displacement
field in the center of the shear box. A peaks at Amax,
and this peak is reached at progressively smaller strain
amplitudes (denoted as γA) as φ increases, as can be seen
in Fig. 3(b). However, the amplitude of D1 is largest at
small φ. As shown in Fig. 3(c), Amax drops with increas-
ing φ and seems to disappear around the random close
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FIG. 3. (a) Linear slope A extrapolated from 〈∆x〉
y
vs. x for
x in the range (−10, 10), normalized by its maximum value in
a run Amax, vs. shear strain γ, at different φ as indicated by
different symbols and colors. (b) Corresponding γ at Amax
(left, circles), and γonset for average vorticity
〈
V 2
〉
to reach
the plateau (right, triangles), and (c) Amax (left, circles), and
plateau value of
〈
V 2
〉
(right, triangles), vs. φ, vs. φ, averaged
over 5 runs for each φ. (d) The ratio between MSDcorr and
D2min vs. γ, at various packing fractions φ as indicated the
same way in (a). The dashed line corresponds to the ratio
being 1.
packing limit of ∼ 0.83, where also the strain needed to
reach peak D1 vanishes. Our data indicates the D1 only
disappears at packing fractions at which it is no longer
possible to create stress free initial configurations. This
suggests that D1 no longer exists when the system ap-
proaches the density at which no or little shear is required
to induce a finite pressure signifying that all particles are
sterically hindered. Note that D1 changes character al-
ready at packing fractions (∼ 0.74) far below the ran-
dom close packing limit, which coincides with the lowest
φ needed for shear induced jamming to occur [3, 13]. We
can see this by probing the density dependent difference
between MSDcorr and D
2
min, as shown in Fig. 3(d). For
low φ we observe that these two local displacement met-
rics essentially coincide over the entire range of strains,
whereas for larger φ we see a monotonic growth of their
difference. This stems from the fact that the D1 field
gets more and more directionally heterogeneous at large
γ as the volume fraction increases towards random close
packing.
To further test the uniqueness of the D1 transport,
we compute the vorticity V of the non-affine grain flow
(see S.M. [40]). We see that the value of V 2 averaged
over the system,
〈
V 2
〉
, first grows steadily with γ and
then reaches a plateau (see S.M. [40]). The strain at
which
〈
V 2
〉
reaches the plateau, γV , shown in Fig. 3(b)
in comparison with γA, indicates that vortices develop
and exist at a much longer time or strain scale than D1
4transport. This observation manifests the importance of
D1 transport: vorticity cannot capture D1. The plateau
value of
〈
V 2
〉
first increases and then decreases as φ
increases, (see Fig. 3(c)). The change in trend occurs
around ∼ 0.79, which appears to be the point where γA
and γV start to behave differently. Note that observing
a trend change at this point seems to be consistent with
results reported in works on glass transition in granu-
lar systems [44, 45] and the isotropic jamming point in
frictional systems under compression [19, 46].
To highlight the subtle role of D1 for amorphous pack-
ing dynamics, we probe how this transport mechanism
depends on the initial conditions and responds to cyclic
shear. As shown in Fig. 4a, initiating shear from a rectan-
gular box instead of a parallelogram inverts the direction
of D1. This sensitivity to initial conditions makes D1 a
prime candidate for elucidating the emergence of memory
in granular packings [7, 34–36]. While an in-depth study
of D1 in memory formation is left for future work, we can
see in Fig. 4a that the D1 amplitude shows a distinct
change in behavior beyond a critical strain amplitude,
and note that memory formation in sheared amorphous
packings is also strongly strain dependent. Another hall-
mark of structural memory formation is also observed in
D1 transport in Fig. 4b. Transport over repeated cycles
below the critical strain amplitude induces a relaxation
towards limit cycle behavior. In previous work on cyclic
shear dynamics in the same system, relaxation dynamics
towards cyclic dynamics was also observed in the pres-
sure of the packing. However, the pressure dynamics
evolved towards a strain-symmetric response [3]. The
absence of such relaxation dynamics in the microstruc-
tural dynamics as captured by D1, and the sign change
in its directionality depending on the initial conditions
of the shear is striking. We see here a surprising dis-
connect between microstructural and pressure dynamics
in amorphous packings and these observations amplify
the importance of probing microstructural dynamics in
amorphous packings, for example by looking at D1.
Discussion — Our findings provide a new path to
understanding the mechanisms of transport for sheared
amorphous materials, especially at the transient stage
where also shear jamming occurs [2, 18]. Besides D2min,
which we show to be greatly insensitive to packing con-
ditions, there are clearly other transport mechanisms
emerging that affect the dynamics of sheared amorphous
particle packings. The disappearance of D1 transport at
larger φ yet below the random close packing limit indi-
cates that there might be a third transport mechanism
which cannot be well characterized within our experimen-
tal resolution. This clearly suggests new perspectives for
numerical work: it would be interesting to see if the D1
dynamics as observed in our model system can also be
observed in numerical simulations; as they appear in the
transient behavior, obtaining statistics should be compu-
tationally cheap comparing to those in the steady state.
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FIG. 4. (a) Examples ofD1 amplitude A vs. shear strain γ for
two different initial shear cell shapes at φ = 0.773, averaged
over 5 runs: parallelogram (blue solid line) and rectangle (red
dashed line). Shaded areas correspond to standard deviations.
(b) A vs. γ for a packing undergoing cyclic shear (φ = 0.78).
Colors indicate different cycle number. Circles mark the end
of corresponding cycles.
In fact, D1 metrics can be used to efficiently verify the
performance of numerical simulations, as they appear im-
mediately after shear is initiated. Another question is
how to capture D1 and other such transport processes in
models. Note that theoretical considerations [27–29] had
already suggested that anisotropic displacement fields are
a necessary ingredient to understand the dynamics of
sheared amorphous system; our experimental data sup-
ports such perspectives.
Conclusions — We have studied particle transport in
an amorphous particle packing and revealed that mul-
tiple distinct transport mechanisms occur at the same
time. The experimental system in which we made these
observations was composed of photoelastic disks exposed
to quasi-static shear with various packing fractions φ and
inter-particle friction coefficients µ. We paid particular
attention to the transient stage and found that there ex-
ist two distinct non-affine transport mechanisms in re-
sponse to shear: ballistic random-walk-like diffusion that
can be well characterized by D2min, and a second col-
lective directional displacement phenomenon, which we
denote as D1 transport. The D2min dynamics appears
insensitive to either φ or µ, while D1 transport is sensi-
tive to both. We find that when D1 is subtracted from
the displacement field, the trace of the diffusion tensor
coincides with D2min, further solidifying the distinct na-
ture of these two mechanisms. In the range of packing
fractions just below random close packing, the D1 correc-
tion to the overall displacement field does not isolate the
diffusive motion very well anymore, suggesting that ei-
ther the D1 transport changes in character, or additional
displacement mechanisms become relevant.
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1Supplemental Material: Sheared Amorphous Packings Display Two Separate Particle
Transport Mechanisms
This supplemental material provides: I a detailed description of the experimental setup and examples showing
photoelastic particles with different friction coefficients; II results ofMSDcorr after correcting non-affine displacements
by only subtracting the 〈∆x〉 (x) term but not the 〈∆y〉 (x) term; III diffusion anisotropy determined from the 〈∆x〉y-
and 〈∆y〉y-corrected diffusion tensor T ; IV results showing the ballistic behavior of system-averaged D
2
min as a
function of the deviatoric shear strain that is calculated from D2min fitting; V Details about determining the D
1
transport amplitude A; VI detailed description for vorticity calculation and the associated behavior of vorticity; and
VII comparison between diffusion amplitudes extracted from MSDcorr and D
2
min at various φ and µ.
EXPERIMENTAL SETUP
The experiment is designed to provide a homogeneous linear shear profile without shear bands, as discussed in Ren
et al. [S1]. A sketch of this setup is shown in Fig. S1(a). The key aspect of this apparatus is that the base, which
consists of a set of narrow slats, deforms affinely with the confining boundaries. The whole is driven by a linear
motor, and the result corresponds to deforming a rectangle into a parallelogram of the same area. Each of the narrow
slats that form the base has a width equal to the smallest particle diameter. The slats are coated with a fine powder
to reduce friction with the particles, but there is weak residual friction. Consequently, rattlers are carried with the
applied strain, unlike what happens in a conventional shear cell, where rattlers remain fixed until they collide with
other particles. In very soft systems near jamming for a conventional experiment, rattlers that remain at rest tend to
lead to the creation of important density inhomogeneities that may be system spanning. This does not occur for the
present experiment, as shown by Ren et al. [S1].
Fig. S1(c-d) show examples of photoelastic particles with different friction coefficients (µ) used in the experiments:
(b) particles with Teflon tape wrapped around edges, resulting with µ ≈ 0.15; (c) particles normally cut from flat
photoelastic sheets with µ ≈ 0.7; (c) particles cut by water jet to have fine teeth on the edge, providing an extremely
high µ.
(a)
(b) (c) (d)
FIG. S1. (a) Schematic of special apparatus for applying simple shear strain to a collection of particles, here photoelastic disks.
The system base consists of narrow slats that are the same size as the smaller particle diameter. When the sidewalls deform to
create simple shear, the slats move with the walls so that the base deforms affinely. In the sketch, both the slats and particles
are drawn much larger relative to the boundaries than in the real experiment. The x−y axes indicate the coordinate system in
the lab frame, where simple shear is applied along the y axis, and the shear strain, γ, is defined as γ = ∆y/l. (b - d) Close-up
examples showing the particle side property with different friction coefficients, from low to high.
2(a) (b)
0
0.324
0.108
0.216y
0-10-20 10 20
FIG. S2. (a) Non-affine y displacements ∆y, averaged in the same way as Fig. 1(c) in the main text, as a function of the bin
center at different shear strains. From bottom up, a shear strain γ of 0.027 is applied between two consecutive lines, where the
first line is at γ = 0.0027, and each upper line is added by 0.1 for better presentation. (b) Diffusion matrix tensor trace MSD
before (triangles), after subtracting both 〈∆x〉
y
and 〈∆y〉
y
(circles), and after subtracting only 〈∆x〉
y
but not 〈∆y〉
y
from the
non-affine displacements (crosses), vs. γ. Data from the same run in Fig. 1 in the main text.
FIG. S3. Diffusion anisotropy in the µm particle system, plotted as a function of shear strain γ in a (a) linear-linear scale, and
(b) log-log scale. Different colors and symbols indicate different φ. For each φ, one typical run was selected to be plotted.
MSD CORRECTED ONLY BY 〈∆x〉y (x)
To show that the importance of large scale coordinated transport is more pronounced in the x direction than in
the y direction, we here calculate the trace of the diffusion tensor T (see main text Eq. (1)) by three methods: (1)
without any correction to the non-affine displacements, (2), with corrections to both x and y non-affine displacements,
by subtracting 〈∆x〉y (x) and 〈∆y〉y (x), respectively; and (3) with corrections to only x non-affine displacements by
subtracting 〈∆x〉y (x). We refer to the trace calculated from these three methods as MSD ,MSDcorr , and MSDcorr2 ,
respectively. Fig. S2(a) shows the large scale transport in y direction, as a comparison to Fig. 2(a) in the main text.
Note that the amplitude of this kind of transport in y direction is much smaller than that in x direction. Fig. S2(b)
compares results of MSD ,MSDcorr , and MSDcorr2 , and we can clearly see the effect of 〈∆y〉y (x) is negligible.
DIFFUSION ANISOTROPY
We show in Fig. S3 examples of the evolution of the diffusion anisotropy as a function of γ for various φ. The
diffusion anisotropy is defined as the absolute value of the difference between the eigenvalues of the diffusion tensor
T , normalized by the trace of T . We can see from Fig. S3 that there still exists finite anisotropy even after we remove
the D1 transport from the non-affine displacements. Especially at larger strain, the diffusion anisotropy seem to keep
increasing after a certain γ, regardless of φ. We attribute this to the insufficiency of merely subtracting D1 transport
3(a)
(b)
(c)
FIG. S4. D2min vs. the deviatoric shear strain η
s obtained from the best fit affine strain tensor Ji, both averaged over particles
at a given applied bulk shear strain for (a) µl, (b) µm, and (c) µh, particle systems. Different φ are indicated by the same color
bar for all µ. The dashed black lines have a slope of 2 and are to guide the eye.
from the non-affine motion, which is qualitatively consistent with our observation of the behavior of MSDcorr .
D
2
min AND DEVIATORIC SHEAR STRAIN
Since being proposed by Falk and Langer [S2], D2min measurements have been applied widely to study irreversible
deformation and avalanches in amorphous systems, metallic glasses, and so on. It has been shown that larger non-
affine deformation correspond to larger local D2min. Statistically, Li et. al have shown that D
2
min, when averaged over
the system, exhibits random walk like behavior as a function of the deviatoric shear strain [S3]. Here we see similar
results in the quasi-statically sheared granular systems at various packing fractions and particle friction coefficients.
As shown in Eq. 1 in the main text, an affine strain tensor Ji is fitted to minimize D
2 value for particle i as an
4estimate for the background deformation field, which is then used to calculate D2min. From this best fit local strain
field, the deviatoric shear strain ηs(γ) at a given bulk shear strain γ can be calculated in the following way:
ηs(γ) = 〈ηsi (γ)〉 =
〈
1
2
√
Tr((JTi Ji)
2)− Tr(JTi Ji)
2
〉
, (S1)
where JTi is the transpose of Ji. As shown in Fig. S4, D
2
min show a ballistic behavior as a function of η
s, and this
seems to be universal regardless of packing fractions φ and inter-particle friction coefficients µ. In a random walk
model, the mean squared displacement displays ballistic behavior at smaller time scales and diffusive behavior at
larger time scales. We attribute the observation of seeing only ballistic behavior in D2min to η
s being small.
D
1
TRANSPORT AMPLITUDE
We show here a detailed description for how we extractD1 transport amplitude A shown in the main text. Fig. S5(a)
shows the same set of data in Fig. 1(c) in the main text without the error bar. To obtain A, we linearly fit 〈∆x〉y
with x in the range x indicated by the two black dash-dotted lines in Fig. S5(a), and the slope reveals A. The size of
the x range over which the linear fit is performed is denoted as Xspan.
It is worth noting that the linear fit is a first order approximation to describe the behavior of D1 transport as a
function of x. The goodness of the fit, indicated by the standard R-squared value R2, is shown in Fig. S5(b), along
with the amplitude A, as a function of shear strain γ. We can see that the linear fit serves as a good description for
small γ and fails to do so at large γ until the end stage of shear. This failure presumably is related to the complex
nature of particle transport and the linear nature of D1 transport as a function of x no longer holds. In Fig. 3, we
only show data at small γ where R2 is greater than 0.8.
In addition, we measure Xspan when A = Amax for all the runs and we show the results in Fig. S5(c), averaged
over 5 runs for each φ. Fig. S5(c) shows that 〈Xspan〉 is in the range between 20 and 30 particles, much larger than
the size of a typical shear transformation zone, which spans over just a few particles. In addition, 〈Xspan〉 shows little
dependence on φ.
VORTICITY
We include here a detailed description calculations related to vorticity V. To calculate V, we first calculate non-
affine particle velocities at a given strain by dividing their non-affine displacements from 3 strain steps backward to
3 strain steps forward by 6 (we set one shear strain step to be the unit time). We then mesh the shear box with
the mesh grid size to be approximately the small particle radius. The velocity field v at these mesh grids can be
interpolated by cubic interpolation. Finally the vorticity V simply follows the definition V(γ) = ∇ × v. Figure S6
coarse grained V at different γ at φ = 0.79 as an example.
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FIG. S5. (a) An example to show how D1 amplitude A is obtained from the relationship between bin-averaged non-affine x
displacement 〈∆x〉
y
and the bin center position x. The black dash-dotted lines indicate the bounds between which the linear
fit is performed with the size of the bound denoted as Xspan, and the red line shows the linear fit result with the A value. Data
is the same as in Fig. 1(c) in the main text. (b) Left: D1 transport amplitude A vs. γ. Right: corresponding R-squared value
R2 using the fitting method described in (a) vs. γ. The horizontal dashed line corresponds to R2 = 0.8. (c) Average Xspan
(〈Xspan〉) over 5 runs as a function of packing fraction φ for µm particles.
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FIG. S6. Coarse grained vorticity in the system with φ = 0.796 at different shear strain γ: (a) γ = 0.0081, (b) γ = 0.0378, (c)
γ = 0.0675, (d) γ = 0.0972, (e) γ = 0.1269, and (f) γ = 0.1566. The black arrows show particle non-affine velocity (rescaled
for visual guidance).
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FIG. S7. (a) Examples of the average vorticity squared in the system,
〈
V 2
〉
, as a function of shear strain γ. Different symbols
and colors indicate different packing fraction φ. The dashed lines correspond to the determined strain for
〈
V 2
〉
to reach the
plateau. (b) Examples of the area with vorticity greater than the selected threshold, AV , as a function of γ. φ is indicated in
the same way as (a). The dashed lines correspond to the determined strain for
〈
V 2
〉
to reach the plateau. (c) Plateau value of
AV normalized by the average diameter squared, AV,plateau, as a function of φ. Each data point results from averaging over 5
runs for each φ.
The amplitude of V generally first increases with shear strain γ and then reaches a plateau, as shown in Fig. S7(a)
for the average value of V2. We characterize this behavior by measuring the strain needed for V2 to reach the plateau
(γV ) and the plateau value (defined as the average value of V
2 at the plateau stage), measured at each run and
averaged over 5 runs at any given φ. These results have been shown in the main text as Figs. 3(b-c). Note that at
low φ (Fig. S7), V2 seems to increase fast at small γ and then keep increasing at a much lower speed before it reaches
the plateau. γV is measured after the second phase of increase in this case.
We further verify the dependence of γV and V
2
plateau on φ by measuring the area in the system with |V| greater
than a certain threshold. Here we choose the threshold to be the average of |V| from all the strain steps at the lowest
φ. This area value, denoted as AV , shows very similar behavior to that of V
2, as shown in Fig. S7(b). In Fig. S7(c),
we show the plateau value of AV , AV,plateau as a function of φ. Similar to that of V
2
plateau, this area plateau value
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FIG. S8. Diffusion exponent α as a function of the system packing fraction for low (a), medium (b) and high (c) intergranular
friction. Squared red symbol id for measure with D2min and blue circle symbols is for measure with MSD. Vertical bars show
the 95% confident interval for the slope measurement.
first increases and then decreases as φ increases, and the transition seems to happen around 0.79, consistent with all
the other measurements we have shown in the main text.
DIFFUSION EXPONENT AND AMPLITUDES
We can quantify the difference of MSDcorr and D
2
min by quantifying their strain dependence. In particular, we
measure the exponent α and the amplitude D0 from both MSDcorr and D
2
min:
D2min,MSDcorr = D0γ
α. (S2)
For the µm particles, we show the results in Fig. S8(b). We observe that the exponent for D
2
min is independent of φ
and indistinguishable from 2 [S3], which in our interpretation means that the background field-insensitive diffusive
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FIG. S9. Examples of MSDcorr for three friction particles. The packing fraction for each type particle is 0.794, 0.794, and 0.797,
for µ from low to high. Black dashed lines are for eye guidance with denoted slopes.
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FIG. S10. Diffusion amplitude D0 extracted from MSDcorr (circles) and D
2
min (squares) vs. packing fraction φ, with each φ
averaged over 5 runs, for (a) µl, (b) µm, and (c) µh, particle systems.
displacements is a permanent feature of these disordered materials. When we look at MSDcorr , we see that this
exponent starts to peel away from 2 at higher volume fractions, implying again that the mesoscopic background
displacement correction we apply is not anymore sufficient to remove all background displacement and make the
diffusion tensor equal in amplitude to the D2min. Note that the amplitude prefactor of the power law behavior in
displacements gives a similar indication. Assuming that no additional transport mechanisms emerge, the MSDcorr
behavior suggests that D1 is changing character just before disappearing entirely at random close packing.
An additional observation is that the diffusion exponent is much larger for the µh particles. To understand this,
we plot MSDcorr for three µ particles at roughly the same φ ≈ 0.79, as shown in Fig. S9. We speculate that the
much higher α value for µh is a small shear strain effect, i.e., γ at which α is measured is rather small. Note that in
Fig. S9, MSDcorr for µh particle appears to show an exponent much closer to 2 at larger shear strains. However, due
to experiment limit, we do not have additional data for larger γ to support such a speculation.
It is known that the friction coefficient affects the window of φ where nontrivial packing mechanics occurs [S4–S6].
For lower µ, the window is expected to start at higher φ. We may expect that D1 dynamics is similarly affected. If we
lower µ of the particles by wrapping them with Teflon tape, the onset of shear jamming moves to higher φ. Similarly,
we expect the difference of MSDcorr and D
2
min to emerge at higher densities. This is indeed what we observe: we
extract the MSDcorr and D
2
min exponent for low friction particles and observe indeed that the MSDcorr starts to
deviate from D2min at higher φ as compared to the experiments done at µm: see Fig. S8(a). If we then perform the
same shear experiments with gear-shaped particles with essentially infinite friction coefficient, the range of φ over
which MSDcorr is different from D
2
min has expanded to lower φ as shown in Fig. 2(c) in the main manuscript. Note
that for the µh particles, the diffusive exponents are slightly higher than two and have become weakly sensitive to
the packing fraction.
As we fit D2min and MSDcorr as a function of shear strain γ via Eq. S2, we can also probe the behavior of D0(φ, µ).
The measurement of α for MSDcorr starts to deviate from that for D
2
min as φ increases, as shown in Fig. S8. We
interpret this deviation as an indication of the inadequacy for merely using D1 transport to capture the large scale
non-affine particle motion. Here in Fig. S10, similar dependence on φ can also be observed for D0 for all friction
coefficients tested in our experiments.
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